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Abstract
We show in (1 + 2) dimensions that supersymmetric (SUSY) BF action
for a (minimal and off-shell) spin-
(
1, 3
2
)
supermultiplet is a unique SUSY
invariant one required from the closure property of commutator algebra for
SUSY transformations.
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As a toy model to study the genuine topological structures of the field theory model,
BF theory and its supersymmetric (SUSY) version [1] are considered. In this short
note we show another meaning of SUSY BF theory containing a vector-spinor (high-
spin) field in (1 + 2) dimensions from the SUSY algebra for a spin-
(
1, 3
2
)
supermul-
tiplet.
Let us consider a set of the minimal and off-shell component fields (va, λa, Ba),
where we denote va for a (U(1)) vector field, λa for a (Majorana) vector-spinor field
and Ba for a auxiliary vector field, respectively. We discuss the closure property of
commutator algebra for the most general form of SUSY [2]-[4] transformations in
d = 3,
δζva = a1ζ¯λa + ia2ǫabcζ¯γ
bλc,
δζλa = ib1Fabγ
bζ + b2ǫabcF
bcζ + b3Baζ + ib4ǫabcB
bγcζ,
δζBa = ic1ζ¯ 6∂λa + ic2ζ¯γa∂ · λ+ ic3ζ¯∂a6λ+ c4ǫabcζ¯∂
bλc, (1)
where Fab = ∂avb− ∂bva is the U(1) gauge field strength, ζ is a constant (Majorana)
spinor parameter for the SUSY transformations and {ai, bi, ci} are arbitrary (real)
parameters.
The off-shell closure property of the commutator algebra for the SUSY transfor-
mations (1) up to terms for gauge transformations requires
a2 = b2 = b4 = c2 = c4 = 0, (2)
a1b1 + b3c1 = 0. (3)
The condition (2) restricts the form of Eq.(1) to
δζva = a1ζ¯λa,
δζλa = ib1Fabγ
bζ + b3Baζ,
δζBa = ic1ζ¯ 6∂λa + ic3ζ¯∂a6λ, (4)
which produce the closed off-shell commutator algebra
[δζ1 , δζ2 ] = δP (Ξ
a) + δg(θ) + δg(ε) + δg(η), (5)
where {δP (Ξ
a), δg(θ), δg(ε), δg(η)} are
δP (Ξ
a) ... translations with a parameter Ξa = 2ia1b1ζ¯1γ
aζ2,
2
δg(θ) ... the U(1) gauge transformation with a parameter θ = −2ia1b1ζ¯1γ
aζ2va,
δg(ε) ... a spinor gauge transformation with a parameter
ε = −i(a1b1 + b3c3)ζ¯1γ
bζ2λb + (a1b1 − b3c3)ǫbcdζ¯1γ
bζ2γ
cλd,
δg(η) ... a gauge transformation with a parameter
η = −2ib3c3ζ¯1γ
aζ2Ba + ib1(c1 + 2c3)ǫbcdζ¯1γ
bζ2F
cd, (6)
respectively.
Now we consider the invariant action. For (3) we put
b1
c1
=
−b3
a1
= α, (7)
and starting from the most general Lorentz invariant action for the minimal off-
shell supermultiplet, we find the following SUSY and gauge invariant action which
is unique under the SUSY transformations (4),
L =
1
2
αǫabcBaFbc +
1
2
ǫabcλ¯a∂bλc. (8)
This is SUSY BF action for α = 1 in d = 3 space-time, which was first obtained as
the SUSY extension of ordinary BF theory [1]. We just mention that when c3 = −c1
with the condition (3) the SUSY transformation δζλa in Eq.(4) is written in terms
of the spinor gauge invariant Rab = ∂aλb − ∂bλa, and that the ǫbcdζ¯1γ
bζ2γ
cλd terms
vanish in the parameter ε of Eq.(6).
Therefore, we conclude that in (1 + 2) dimensions the SUSY BF action (8) for
the (minimal and off-shell) spin-
(
1, 3
2
)
supermultiplet is the unique SUSY invariant
one required from the closure property of the SUSY transformations. These results
seem characteristic in contrast with the situation for lower spin supermultiplets, for
fermionic physical (though free) and bosonic unphysical degrees of freedom would
form supermultiplet, which may give new insights to the role of high spin fields [5]
in the (local) SUSY theory model. Similar arguments in d = 4 for higher spin fields
are future problems.
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